Abstract. Let R = K[x, y, z] be a standard graded polynomial ring where K is an algebraically closed field of characteristic zero. Let M = ⊕ j M j be a finite length graded R-module. We say that M has the Weak Lefschetz Property if there is a homogeneous element L of degree one in R such that the multiplication map ×L : M j → M j+1 has maximal rank for every j. The main result of this paper is to show that if E is a locally free sheaf of rank 2 on P 2 then the first cohomology module of E, H 1 * (P 2 , E), has the Weak Lefschetz Property.
Introduction
Let K be an algebraically closed field of characteristic zero and let R = K[x, y, z] be the polynomial ring with standard grading R = ⊕ j≥0 R j . Let M = ⊕ j∈Z M j be a graded R-module. We say that M is of finite length if all but a finite number of the M j are equal to 0 (with each M j a finite dimensional K-vector space). We say that M has the Weak Lefschetz Property if there is a linear form L ∈ R 1 such that the K-linear map ×L : M j → M j+1 has maximal rank for all j. Stanley and others showed how the Weak Lefschetz Property, a property that is geometric/algebraic in nature, ties in with several interesting problems of a combinatorial nature [6, 16, 22, 23] . In particular, Stanley utilized the property to complete the proof of McMullen's conjecture on the characterization of f -vectors of simplicial polytopes. In honor of the influential works of Stanley, the Weak Lefschetz Property is also referred to as the Weak Stanley Property in the literature. There has been a rich body of research establishing the existence or non-existence of the Weak Lefschetz Property for various types of Artinian algebras, in particular for Artinian Gorenstein algebras [2, 9, 11, 14, 24] and other Artinian algebras with special structure [17, 18, 25] . Within this rapidly growing body of research involving the Weak Lefschetz Property, we found the following survey type works to be very helpful [10, 19] .
There were two papers that played a major role in inspiring us to utilize the vector bundle based techniques that ultimately led to a proof of our main result. The first was the paper by Harima et al [11] which made use of the Grauert-Mülich theorem to gain further insight into the Weak Lefschetz Property of a height three Artinian complete intersection. The Grauert-Mülich theorem enabled them to pinpoint the generic splitting type of a stable, normalized, rank two vector bundle on P 2 which enabled precise homological conclusions to be made. The second influential work for us was the paper by Brenner and Said [3] which made further use of the Grauert-Mülich theorem for higher rank bundles on P 2 and solidified the connection between the generic splitting type of a bundle and the Weak Lefschetz Property.
It is very natural to study height three Artinian complete intersections via the Koszul complex. First of all, the Koszul complex is exact for complete intersections. Second, by sheafifying the Koszul complex, one can identify the first cohomology module of an associated rank two locally free sheaf as the Artinian module R/(F 1 , F 2 , F 3 ) where F 1 , F 2 , F 3 is a regular sequence of homogeneous polynomials in R defining the complete intersection. A natural generalization can be obtained via the Buchsbaum-Rim complex associated to an R-graded map φ : F → G where F is a free R-module of rank n + 2 and G is a free R-module of rank n. In particular, if the cokernel of φ is of codimension three, which over R = K[x, y, z] corresponds to the cokernel being a module of finite length, then the Buchsbaum-Rim complex is exact. By sheafifying this complex we can again identify the first cohomology module of an associated rank two locally free sheaf, E, as the cokernel of φ. As in the papers [3, 11] , it is crucial to understand the generic splitting type of E and its relationship to the multiplication between consecutive graded components of the cokernel of φ induced by a general linear form.
The paper is broken into four short sections. In section two of this paper we provide background meant to clarify the connection between the Buchsbaum-Rim complex for a certain class of finite length K[x, y, z]-modules and rank 2 vector bundles on P 2 . The third section contains the statement and proofs of the main results of the paper. In particular, we show that the first cohomology module of any rank 2 vector bundle on P 2 satisfies the Weak Lefschetz Property. The final section consists of examples, some potential paths for future research, and concluding remarks.
The Buchsbaum-Rim complex
, and let b = b 1 + · · · + b n . Given a graded degree zero map φ : F → G we have a kernel E, cokernel M and an exact sequence
In addition, we have a Buchsbaum-Rim complex associated to φ : F → G [4, 5] . If the cokernel of φ has the "expected codimension", which in this case corresponds to requiring that M has finite length, then the Buchsbaum-Rim complex is exact and has the form:
This complex is one of a much larger family of complexes associated to sufficiently general maps between R-modules. These complexes are exact if a certain genericity condition is met and they can be derived by considering "strands" of a particular Koszul complex (see [7] Appendix A2.6 for details).
If we sheafify (2) then we get an exact sequence of locally free sheaves
which can be decomposed into the two short exact sequences
Note that (5) is also the sheafification of (1). The locally free sheaf E has rank two and is an example of a (first) Buchsbaum-Rim sheaf. The apparent symmetry of the Buchsbaum-Rim complex is closely related to the fact that a rank 2 locally free sheaf is self dual (up to a twist by a line bundle). In general, the structure found in the Buchsbaum-Rim complex is reflected in properties of E, in properties of its sections, and in properties of its cohomology modules [15, 20] . In particular, the rigidity of the Buchsbaum-Rim complex, when it is exact, suggests that properties of the objects involved reduce to combinatorial considerations of the a i and b i involved in the definitions of F and G. In the next section, we will see that this is indeed the case. Let H 0 * (P 2 , E) denote the module ⊕ i∈Z H 0 (P 2 , E(i)). If we apply the global section functor to the short exact sequence
we obtain the long exact sequence
) and that (6) is actually a recovery of (1). In particular, we have H
In general, finite length R = K[x, y, z]-modules that can be expressed as cokernels of maps of the form φ :
to finite length modules of the form H 1 * (P 2 , E) where E is a rank 2 locally free sheaf on P 2 .
Main Results
In this section, we collect the key definitions and theorems that form the heart of the paper. Many of the needed tools can be found in the book by Hartshorne on Algebraic Geometry [13] and in the book by Okonek, Schneider, and Spindler on Vector Bundles on Complex Projective Spaces [21] .
Definition 3.1. Let E be a torsion free sheaf on P n . Let c 1 (E) denote the first Chern class of E and let rank(E) denote its rank.
1) The slope of E is the rational number µ(E) = c 1 (E)/rank(E) 2) E is said to be stable if for any non-zero subsheaf F ⊂ E the slopes satisfy µ(F ) < µ(E) 3) E is said to be semistable if for any non-zero subsheaf F ⊂ E the slopes satisfy µ(F ) ≤ µ(E) 4) E is unstable if it is not semistable.
In various contexts, the definition of stability given above is sometimes referred to by other names including slope stability, µ-stability, Mumford stability, or Mumford-Takemoto stability.
Let E be a vector bundle on P n and let r denote the rank of E. We say that E is a normalized bundle if c 1 (E) ∈ {−r + 1, . . . , 0}. In general, there exists a unique a ∈ Z such that E(a) is a normalized bundle. In particular, if E is a normalized rank 2 vector bundle, then c 1 (E) ∈ {−1, 0}. The following lemma is a quick application of the definition of stability, see [21] (Chapter II for a more detailed discussion of stability and Lemma 1.2.5 on Pg 166-167 for the statement and proof of the lemma).
Lemma 3.2. Let E be an normalized rank 2 vector bundle on P n .
1) E is stable if and only if
The following is the Grauert-Mülich Theorem for rank 2 bundles on P n . For a more detailed discussion of the Grauert-Mülich theorem and its role in the classification of vector bundles, see [8] for the original result or see [21] (Chapter II, section 2 for a general discussion of the splitting behavior of vector bundle and Corollary 2 on Pg 206 for the specifics of the Grauert-Mülich theorem). Proposition 3.3. Let E be a semistable, normalized, rank 2 vector bundle on P n . Let L be a general line.
Definition 3.4. If E is an unstable, normalized, rank 2 vector bundle on P n then the largest a such that H 0 (P n , E(−a)) = 0 is called the index of instability of E.
From the above lemma, if E is an unstable, normalized, rank 2 vector bundle on P n and c 1 (E) = 0 then its index of instability is greater than zero. Similarly, if c 1 (E) = −1 then its index of instability is at least zero. If E is a vector bundle on P 2 , we can make a stronger statement:
Proposition 3.5. Let E be an unstable, normalized, rank 2 vector bundle on P 2 . Let k be the index of instability of E. Let L be a general line in P 2 . Then
Proof. Let s be a nonzero section in H 0 (P 2 , E(−k)). Using s we can build a short exact sequence of sheaves 0 → O P 2 → E(−k) → Q(−k) → 0 which we can twist by O P 2 (k) to get the short exact sequence of sheaves
If s is not regular (i.e. its vanishing locus is not of codimension 2 or greater), then the vanishing locus of s contains a curve component. This curve is of codimension 1 in P 2 thus can be identified with a form F ∈ R. If we factor out F from s we obtain a nonzero section s
where
1 is a general line in P 2 then L does not meet the zero locus of s. As a consequence, the restriction of the short exact sequence to L is still a short exact sequence and by Chern class considerations, the restriction of Q to L is O P 1 (−k). Thus, restricting the exact sequence to L leads to
Since E has rank 2, is unstable, and has c 1 = 0, we know that H 0 (P 2 , E(−1)) = 0 thus we can conclude that k > 0. Using this fact, we can conclude that Ext
Now suppose that c 1 (E) = −1. Like before, the restriction of the short exact sequence to L is still a short exact sequence except now, by Chern class considerations, the restriction of Q to L is O P 1 (−k − 1). Thus we get the short exact sequence
Since E has rank 2, is unstable, and has c 1 = −1, we know that H 0 (P 2 , E) = 0 thus we can conclude that k ≥ 0. Using this fact, we can conclude that Ext
Proof. Consider the exact sequence
If we apply the global section functor we get the exact sequence
From this exact sequence, we have
If L is a general line then from the previous proposition we have that
As a consequence if c 1 (E) = 0 and if t < 2k then h
Since there exists a nonzero section s ∈ H 0 (P 2 , E(−k)), we can tensor this section by forms of degree t and produce sections in H 0 (P 2 , E(−k + t)). As a consequence, we have
We can now establish the claim of the proposition by an inductive approach. In the interest of space, we let h 0 (E) denote h 0 (P 2 , E). Recalling that h 0 (E(−k − 1)) = 0 and that h 0 (P 2 , E(−k + t)| L ) = t + 1 (provided t is in the proper range) we have the following inequalities:
. . .
For c 1 (E) = 0, following the inequalities through one at a time leads to the constraint
or equivalently
Thus we conclude that
In a similar manner, we can also conclude that
Theorem 3.7. Let E be a normalized, rank 2, locally free sheaf on
) be the linear map induced by L.
1) H
1 * (P 2 , E) has the Weak Lefschetz Property 2) Let E be stable.
• If c 1 (E) = 0 then φ L (t) is injective for t ≤ −1 and surjective for t ≥ −1
is injective for t ≤ −1 and surjective for t ≥ 0.
3) Let E be unstable with index of instability k.
•
is injective for t ≤ k and surjective for t ≥ −k − 1
Proof. In order to prove the theorem, we will first prove 2) and 3) which immediately imply 1).
Consider the short exact sequence of sheaves
If we apply the global section functor we get the long exact sequence
To show that H 1 * (P 2 , E) has the Weak Lefschetz Property, we need to show that for each t ∈ Z, the map H 1 (P 2 , E(t − 1)) → H 1 (P 2 , E(t)) is either injective or surjective. From the long exact sequence above, we have the following observations:
• The map is injective if and only if h
• The map is surjective if and only if h
If the generic splitting type of
. As a consequence, we can easily compute the value of h
We collect the following facts:
A) Since E is locally free on P 2 , by duality we have h
We now assume that E is stable and use the above considerations to establish a range of values of t where the map, φ L (t) :
, is injective and a range of values where the map is surjective. It is important to note that the following shows that for every value of t, the map is either injective or surjective.
Suppose E is stable and that c 1 (E) = 0. By Proposition 3.3, E splits on
is injective for t ≤ −1 and surjective for t ≥ −1.
Suppose E is stable and that c 1 (
Suppose E is unstable and that c 1 (E) = 0. If the index of instability is k then by Proposition 3.5, k > 0 and E| L = O P 1 (−k) ⊕ O P 1 (k). In this case, Proposition 3.6 allows us to conclude that
This implies that φ L (t) is injective for t ≤ k − 1. Using A) and B) above, we note that
can be expressed as
Using C) and rearranging, we can then express this as
By Proposition 3.6 this quantity is equal to 0 for −t − 2 ≤ k − 1. In other words, φ L (t) is surjective for −k − 1 ≤ t.
Suppose E is unstable and that c 1 (E) = −1. If the index of instability is k then by Proposition 3.5,
In this case, Proposition 3.6 allows us to conclude that
This implies that φ L (t) is injective for t ≤ k. Using A) and B) above, we note that
By Proposition 3.6 this quantity is equal to 0 for −t − 1 ≤ k. In other words, φ L (t) is surjective for −k − 1 ≤ t.
In each of these cases, we see that for each t ∈ Z, the map H 1 (P 2 , E(t − 1)) → H 1 (P 2 , E(t)) is either injective or surjective. Thus H 1 * (P 2 , E) has the Weak Lefschetz Property for any rank 2 vector bundle E on P 2 .
Corollary 3.9. If E is a rank 2 vector bundle on
Proof. In the proof of Theorem 3.7, we saw that for any rank 2 vector bundle E on P 2 , there exists an r such that for t < r the map ×L :
) is injective and for t ≥ r the map ×L :
) was surjective. This fact establishes unimodality.
An Example and Further Remarks
In this section, we first give an example to illustrate the theorems of the paper and the structure of the Buchsbaum-Rim complexes. In each of the following two examples, the associated locally free sheaf is unstable. After giving the two examples, we conclude the paper with a few remarks and considerations for possible further research. (1, 4, 6, 7, 7, 7, 7, 6, 4, 1) . The Buchsbaum-Rim complex associated to φ is:
If we sheafify (8) and tensor by O P 2 (6) we get the exact sequence
We can break (9) into two short exact sequences
where E is a normalized rank 2 locally free sheaf with c 1 (E) = 0. From the exact sequence (10), we see that H 0 (P 2 , E(−1)) > 0 and H 0 (P 2 , E(−2)) = 0. Therefore E is unstable with index of instability k = 1. By Theorem 3. 4 → R(−1) ⊕ R 2 whose cokernel is a finite length module M. An elementary computation show that M = M 0 ⊕ · · · ⊕ M 12 has Hilbert function (2, 7, 11, 14, 16, 17, 17, 17, 16, 14, 11, 7, 2) . The Buchsbaum-Rim complex associated to φ is:
If we sheafify (12) and tensor by O P 2 (7) we get the exact sequence
We can break (13) where E is a normalized rank 2 locally free sheaf with c 1 (E) = −1. From exact sequence (14), we see that H 0 (P 2 , E) > 0 and H 0 (P 2 , E(−1)) = 0. Therefore E is unstable with index of instability k = 0. By Theorem 3. In this paper, we have shown that the first cohomology module of a rank two locally free sheaf on P 2 must have the Weak Lefschetz Property. This is equivalent to showing that if M is a finite length module arising as the cokernel of a map of the form φ : F → G with F = ⊕ n+2 i=1 R(−a i ) and G = ⊕ n i=1 R(−b i ), then M has the Weak Lefschetz Property. As a special case, every height three Artinian complete intersection has the Weak Lefschetz Property (proved first in [11] and proved again in [3] ).
The key piece needed in the proofs of the main theorems is that E is a rank two locally free sheaf on a surface. Many of the key conclusions ultimately follow from this fact. This suggests that there may be generalizations of Theorem 3.7 to the case of rank two locally free sheaves on weighted projective planes and on P 1 × P 1 . We note the interesting paper by Harima and Watanabe where they considered the strong Lefschetz property for Artinian algebras with non-standard grading [12] . It is hoped that additional progress may be made in the understanding of Lefschetz Properties by considering the more general problem for modules over non-standard graded rings.
